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1. Introdution
Complex ontat manifolds have reently reeived onsiderable atten-
tion. Many of the newer publiations, e.g. [Hwa97℄, [KPSW00℄, [Keb00b℄
or [Hon01℄, approah ontat manifolds via the overing family of minimal
rational urves, or via geometri strutures whih are assoiated with the
tangent vetors to these urves. This short note furtheres the study of these
urves.
We x a family H of minimal rational urves on a ontat manifold X. It
is known that for any point x ∈ X, the subvariety locus(Hx) ⊂ X, whih is
overed by those urves whih ontain x, is Legendrian. We will now study
the deformations of locus(Hx) whih are generated by moving the base point.
As an appliation, we give a positive answer to a question of J.M. Hwang
[Hwa00℄ in the ase of ontat manifolds: for a general point x ∈ X, the
tangent map
τx : Hx → P(T
∗
X |x)
ℓ 7→ P(T ∗ℓ |x)
whih maps a urve through x to its tangent diretion at x is a birational
immersion. In other words, we show that a general hoie of a point x ∈ X
and a tangent diretion ~v ∈ TX |x denes at most a single minimal ratio-
nal urve. The author believes that this is a neessary step towards a full
lassiation of ontat manifolds.
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s Subjet Classi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ondary 14J45, 53C15.
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We give a seond appliation by showing that the normalization of
locus(Hx) is isomorphi to a projetive one.
Aknowledgement. This paper was written up while the author enjoyed the
hospitality of the University of Washington at Seattle, the University of
British Columbia at Vanouver and Prineton University. The author would
like to thank K. Behrend, J. Kollár and S. Kovás for the invitation.
2. Setup
Throughout the present paper, we maintain the assumptions and nota-
tional onventions of the rst part [Keb00b℄ of this artile. In partiular, we
refer to [Keb00b℄, and the referenes therein, for an introdution to ontat
manifolds and to the parameter spaes whih we will use freely thorughout.
For the reader's onveniene, we will briey reall the most important
onventions here. We assume that X is a omplex projetive manifold of
dimension dimX = 2n+1 whih arries a ontat struture. This struture
is given by a vetor bundle sequene
0 −−−→ F −−−→ TX
θ
−−−→ L −−−→ 0
where F is a subbundle of orank 1 and where the skew-symmetri O'Neill-
Tensor
N : F ⊗ F → L
whih is assoiated with the Lie-Braket is non-degenerate at every point of
X.
We will assume throughout that X is not isomorphi to the projetive
spae P2n+1. It has been shown in [Keb00b, set. 2.3℄ that this assumption
implies that we an nd a omponent H ⊂ RatCurvesn(X) suh that the
intersetion of L with the urves assoiated with H is one. The spae H is
therefore ompat, and for any point x ∈ X we have a diagram
Ux
ιx
πxP1-bundle
locus(Hx) ⊂ X
H˜x
where H˜x is the normalization the subfamily Hx ⊂ H of urves ontaining
x and Ux is the pull-bak of the universal family Univ
rc(X).
Throughout the paper we will onstantly use the fats that that H˜x is
smooth ([Kol96, II.3.11.5℄), that the subvariety locus(Hx) whih is overed
by urves through X is a Legendrian subvariety of X ([Keb00b, prop. 4.1℄)
and that for a general point x ∈ X all urves ℓ ∈ Hx are smooth ([Keb00b,
prop. 3.3℄).
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3. Deformations of locus(Hx)
In order to study deformations of locus(Hx), it is useful to onsider se-
tions σ in the restrition of the tangent bundle TX |ℓ to a minimal ratio-
nal urve ℓ. The following proposition, whih is a simple generalization of
[Keb00b, prop. 3.1℄, gives a onvenient riterion whih an be used to show
that σ is ontained in the restrition of F .
Proposition 3.1. Let x ∈ X be a general point,
f ∈ Hombir(P1,X, [0 : 1] 7→ x) a morphism and let σ ∈ H
0(P1, f
∗(TX)) be a
setion suh that σ([0 : 1]) ∈ f∗(F )|[0:1].
Then σ is ontained in H0(P1, f
∗(F )) if and only if TP1 and σ([0 : 1]) are
orthogonal with respet to the pull-bak f∗(N) of the O'Neill-tensor.
Proof. We know from [Kol96, thms. II.3.11.5 and II.2.8℄ that the spae
Hombir(P1,X) is smooth at f . Consequene: we an nd an embedded
unit dis ∆H ⊂ Hombir(P1,X), entered about f suh that σ ∈ T∆H |f holds.
In this situation we an apply [Keb00b, prop. 3.1℄ to the family ∆H, and the
laim is shown.
We will now employ this riterion in order to onstrut setions of L on
the universal family over Hx.
Lemma 3.2. If x ∈ X is a general point, then there exists a natural vetor
spae morphism
s : TX |x → H
0(Ux, ι
∗
x(L))
suh that the equality
s(~v)|σ∞ = ι
∗
x(θ(~v))(3.1)
holds.
Note that the equation (3.1) makes sense beause the restrited line bundle
ι∗x(L)|σ∞ is trivial.
Proof. If ℓ ∈ Hx is any line, then it follows immediately from proposition 3.1
that the kernel of the evaluation map
e : H0(ℓ, TX |ℓ)→ TX |x
is ontained in H0(ℓ, F |ℓ)for this, note that the the vetor 0 ∈ TX |x is on-
tained in F and is perpendiular to any other vetor. Reall from [Keb00b,
lem. 3.5℄ that the vetor bundle TX |ℓ is globally generated. The evaluation
map e is therefore surjetive, and we obtain a vetor spae morphism
sℓ : TX |x → H
0(ℓ, L|ℓ).
Sine H˜x is smooth, it is elementary to see that for any tangent ve-
tor ~v ∈ TX |x, the union of the setions (sℓ(~v))ℓ∈Hx gives a setion
s(~v) ∈ H0(Ux, ι
∗
x(L)).
For those tangent vetors ~v whih are ontained in F |x, we are able to
desribe the setion s(~v) in greater detail.
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Lemma 3.3. If σ∞ ⊂ Ux is the setion whih is ontrated by ιx, and if
~v ∈ F |x \ {0}, then the support of the divisor Div(s(~v)) whih is assoiated
with s(~v) is given as
Supp(Div(s(~v))) = σ∞ ∪ (τx ◦ πx)
−1(D),
where D ∈ |OP(F |∗x)
(1)| is the union of those tangent diretions whih are
perpendiular to ~v.
Proof. Sine the pull-bak ι∗x(L) intersets πx-bers with multipliity one,
and sine the setion s(~v) will always vanish on σ∞, it is lear that the
support Supp(Div(s(~v))) must be of the form
Supp(Div(s(~v))) = σ∞ ∪ π
−1
x (D
′).
The proof is nished if we show that any setion σ ∈ H0(ℓ, TX |ℓ) with
σ(x) = ~v is ontained in H0(ℓ, F |ℓ) if and only if the orthogonality holds.
That, however, is exatly the statement of proposition 3.1.
Corollary 3.4. The morphism s : TX |x → H
0(Ux, ι
∗
x(L)) is injetive and
the linear system |ι∗x(L)| is basepoint-free.
Proof. By lemma 3.3, the restrition s|Fx is injetive and the base lous of
the linear sub-system (s(~v))~v∈F |x is exatly the ontrated setion σ∞. The
laim is therefore shown if we note that for every tangent vetor ~v ∈ TX |x,
whih is not ontained in F |x, the setion s(~v) does not vanish on σ∞. For
this, we refer to equation (3.1) of lemma 3.2 above.
4. Birationality of the tangent map
We apply the results of the previous setion to show that the tangent map
τx is generially injetive. Together with the results of [Keb00a, thm. 3.4℄
and [Keb00b, or. 3.6℄, this implies that τx is a nite birational immersion.
We start the proof by studying urves whih interset locus(Hx) tan-
gentially. For the formulation of the proposition, reall the fat [Keb00a,
thm. 3.5℄ that for a general point y ∈ locus(Hx) there exists a unique urve
in ℓx,y ∈ Hx whih ontains both x and y. The evaluation morphism ιx is
therefore birational.
Proposition 4.1. If y ∈ locus(Hx) is a general point, and if ℓy ∈ H is a
urve whih intersets ℓx,y tangentially in y, then ℓy = ℓx,y.
The proof will involve the innitesimal desription of the Hom-sheme and
of the universal morphism µ : Hombir(P1,X) × P1 → X. The reader might
want to onsider [Keb00b, set. 2.2℄ or [Keb01℄ for a brief statement of the
basi fats and the assoiated notation.
Proof. As a rst step, we laim that the urve ℓy is ontained in locus(Hx).
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Figure 4.1. Proof of proposition 4.1
Proof of the laim. As y was hosen generally, we an nd a birational mor-
phism fy : P1 → ℓy with fy([0 : 1]) = y suh that the redued sheme
Hombir(P1,X)red is smooth at fy and suh that tangent map of the re-
strited universal morphism µ|Hombir(P1,X)red×{[0:1]} has maximal rank at f .
This enables us to nd an analyti open subset Ux ⊂ locus(Hx) and a lifting
UH ⊂ Hombir(P1,X) with urves whih are tangent to ℓz,x for points z ∈ Ux.
More preisely, we an nd an embedded polyylinder UH suh that
1. The restrited universal morphism
µ|UH×{[0:1]} : UH → X
fz 7→ fz([0 : 1])
indues a morphism UH → U .
2. For every morphism fz ∈ UH, the urve ℓz := fz(P1) meets ℓx,z tan-
gentially in z.
We will now apply proposition 3.1 to setions σ ∈ H0(ℓz, TX |ℓz) whih ome
from the deformation family UH. It is lear from the onstrution that if
σ ∈ TUH |fz ⊂ H
0(ℓz, TX |ℓz)
is any tangent vetor, then
σ([0 : 1]) ∈ Tlocus(Hx)|z.
Sine locus(Hx) is known to be Legendrian, the tangent spae Tlocus(Hx)|z
will be isotropi with respet to the O'Neill-tensor N ; the restrition
N |Tlocus(Hx)|z is identially zero:
Tℓz |z ⊥ Tlocus(Hx)|z.
In partiular, the tangent vetor σ([0 : 1]) is perpendiular to Tℓz |z. Applying
proposition 3.1, we see that the tangent spae TUH |fz is assoiated with
setions in H0(ℓz, F |ℓz ). This implies that the image µ(UH × P1) must be
F -integral see [Kol96, prop. II.3.4℄. Sine, on the other hand, µ(UH × P1)
already ontains the Legendrian submanifold U , it turns out that µ(UH×P1)
is ontained in locus(Hx) so that the laim ℓy ⊂ locus(Hx) follows.
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Appliation of the laim. As a next step we onsider the strit transform ℓ˜y
of ℓy in the universal family Ux. We will now argue by ontradition, assume
that ℓ˜y is not a ber of the map πx : Ux → H˜x, and derive a ontradition.
For this, note that the urve ℓ˜y intersets the strit transform ℓ˜x,y of ℓx,y,
whih is a πx-ber, transversally in the preimage of y. We laim that this is
impossible; a ontradition is thus reahed.
In order to see this ontradition, observe that ι∗x(L) intersets the urve
ℓ˜y with multipliity one; this is beause y is general and the morphism
ιx : Ux → locus(Hx) is birational. On the other hand, by lemma 3.3
we an always nd a vetor ~v ∈ TX |x suh that the assoiated setion
s(~v) ∈ H0(Ux, ι
∗
x(L)) vanishes on the ber ℓ˜x,y, but not on the urve ℓ˜y.
Thus, the urve ℓ˜y intersets the divisor Div(s(~v)) tangentially, and the in-
tersetion number annot be one. This ends the proof of proposition 4.1.
Corollary 4.2. The tangential map τx is generially injetive, that is, τx is
birational onto its image.
Proof. Using the notation of above, if ℓxy ∈ H is the unique urve ontaining
both x and y, and if ℓy ∈ H is a urve whih ontains y, then proposition 4.1
shows that ℓx,y and ℓy interset transversally. Sine y was generially hosen,
the laim follows.
5. The normalization of locus(Hx)
We will now show that the normalization of locus(Hx) is isomorphi to a
one.
Proposition 5.1. If x is a general point, then the normalization ˜locus(Hx)
of locus(Hx) is a one.
Proof. Sine all urves whih are assoiated with points in Hx are smooth,
and sine H˜x is smooth, the preimage σ∞ := ι
−1
x (x) ⊂ Ux is a setion over
H˜x whih an be ontrated to a point. By denition, ˜locus(Hx) is a one if
we an show that
1.
˜locus(Hx) is isomorphi to the image of Ux under the ontration of
σ∞.
2. There exists another setion σ0 ⊂ Ux whih is disjoint from σ∞.
See the introdutory remarks in the paper [Wah83℄ for more information on
this.
In order to show property (1), reall Mori's Bend-and-Break argument
[Kol96, II.5℄ whih asserts that ιx|Ux\σ∞ is nite. Likewise, reall from
[Keb00a, thm. 3.6℄ that ιx is birational. Consequene: the Stein fator-
ization of ιx yields a deomposition as follows:
Ux
ontr. of σ∞
ιx
˜locus(Hx)
normalization
locus(Hx)
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In order to onstrut the divisor σ0, hoose a tangent vetor ~v ∈ TX |x
whih is not ontained in F |x. By lemma 3.3, this gives a setion
s(~v) ∈ H0(Ux, ι
∗
x(L)). Sine ι
∗
x(L) intersets the bers of πx with mulitpli-
ity one, and sine ι∗x(L)|σ∞ is trivial, it follows that the assoiated divisor
Div(s(~v)) ∈ Div(Ux) is a setion σ0 ⊂ Ux whih is disjoint to σ∞.
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